Abstract. Using Jones' quadratic tangles formulas, we automate the construction of the 4442, 3333, 3311, and 2221 spoke subfactors by finding sets of 1-strand jellyfish generators. The 4442 spoke subfactor is new, and the 3333, 3311, and 2221 spoke subfactors were previously known.
Introduction
In this paper, we construct a number of subfactors by giving explicit generators and relations for the corresponding planar algebras. In particular, we use Jones' analysis of quadratic tangles to systematically derive 'jellyfish relations ' , which are straightforward to analyze. We construct one new subfactor as well as three previously known subfactors. The main result of the paper is: Theorem 1.1. There is a '4442' subfactor at index 3 + √ 5 with principal graphs , .
At this point, there are very strong number theoretic and combinatorial constraints on the possible principal graphs of subfactors. Indeed, when we find a graph that satisfies all these constraints, we reasonably suspect that there are actually subfactors with that principal graph. Nevertheless, the final step of actually constructing such subfactors remains very difficult.
It is known that every subfactor planar algebra embeds in the graph planar algebra of its principal graph [JP11, MW] . Thus, a standard approach to constructing a planar algebra is to identify some candidate elements in the appropriate graph planar algebra, then prove that the subalgebra they generate is a subfactor planar algebra with the desired principal graph. In many cases, it is not that difficult to obtain the candidate elements, for example, by solving certain polynomial equations in the graph planar algebra, or finding flat elements in the graph planar algebra with respect to some connection. Note that the existence of flat elements does not imply the connection itself is flat; the flat elements could generate a subfactor planar algebra with different principal graphs.
Thus, given some candidate generators, the challenge is to show that these elements generate the desired planar algebra. An initial difficult step is to show that they generate an evaluable planar algebra; that is, every closed diagram is a multiple of the empty diagram (equivalently, the zero box space is 1-dimensional). Of course, if we obtained our elements as flat elements with respect to a connection, this step is automatic. Once we have established the planar algebra is evaluable, we have some subfactor planar algebra. We need to identify its combinatorial invariants. Often, the analysis of some small projections in the subalgebra and some combinatorial arguments suffice to determine the principal graph.
In [BMPS12] , Bigelow-Morrison-Peters-Snyder constructed the extended Haagerup planar algebra, which had long been expected to exist, with principal graphs , .
The essential insight was the jellyfish algorithm, introduced therein, which provides a powerful framework for proving a planar algebra is evaluable and has the desired supertransitivity (the length of the initial arm of the principal graph). Suppose we have a set of elements in a planar algebra, each a lowest weight rotational eigenvector, which we are thinking of as generators. A 'jellyfish relation' is an identity in which the left hand side is simply a single generator with some number of strands between it and the starred point on the boundary, and the right hand side is some linear combination, in every term of which every generator is adjacent to the starred point on the boundary. In [BMPS12] , there were two jellyfish relations (here n = 4 corresponds to the Haagerup planar algebra, and n = 8 corresponds to the extended Haagerup planar algebra): These are actually box jellyfish relations; it is easy enough to see that by expanding out the Jones-Wenzl idempotent on the left hand side in terms of Temperley-Lieb diagrams, and moving all non-identity terms to the right, that these relations become jellyfish relations as described above. See Subsection 2.5 for more details. In a k-strand jellyfish relation, the left hand side has k strands above the generator. Above, we have a one-strand jellyfish relation forŠ, the Fourier transform, and a two-strand jellyfish relation for S.
A complete set of jellyfish relations is one such that by repeated application, we can rewrite any diagram as a linear combination of diagrams in which every generator is adjacent to the 'outside' starred region. We picturesquely refer to this process as 'the jellyfish algorithm': we gradually float all the jellyfish to the surface of the ocean, possibly creating new jellyfish along the way. The pair of relations above is a complete set: the one-strand relation removes all the instances ofŠ, then the two-strand relation allows us to float all the instances of S to the surface.
It is typically easy to see that any closed diagram with all generators adjacent to the boundary is evaluable by iteratively finding an adjacent pair of generators which are connected by sufficiently many strands. The entire jellyfish algorithm is somewhat unusual amongst algorithms for simplifying a planar diagram; at intermediate steps, it requires making the diagram much more complicated.
In this paper, we present a systematic approach to identifying jellyfish relations using Jones' paper analyzing quadratic tangles [Jon03] . In particular, we show how to find all 1-strand jellyfish relations for which the right hand side involves at most two generators in each term. We find that for quite a number of potential principal graphs, the jellyfish relations obtained in this way constitute a complete set. This assures us that we have constructed some subfactor planar algebra, and a little separate work in each case identifies the principal graph as the intended graph.
It is worth noting, however, that this approach is far from uniformly successful! In [BMPS12] , the authors needed 2-strand jellyfish relations. Indeed, a result of Bigelow and Penneys [BP12] shows that having a complete set of 1-strand jellyfish relations implies that both the principal and dual principal graphs are spoke graphs. Thus by the triple point obstruction [Haa94, MPPS12] , any subfactor with principal graphs beginning with a triple point cannot have a complete set of 1-strand jellyfish relations. We anticipate the results of [BP12] giving strong constraints on subfactors whose principal graphs are not both spokes.
Even with these limitations, we do have a number of interesting examples. We give a jellyfish presentation of the new 4442 subfactor along with the 3311 subfactor [GdlHJ89] , the 2221 subfactor constructed in [Izu01] (reproducing all the work of Han's thesis [Han10] , in an entirely automated fashion!), and one of the 3333 subfactors previously constructed by Izumi in unpublished work. These graphs appear in Figure 1 . , , .
Figure 1. The principal graphs of the four subfactors we construct in this paper. In each case, the dual principal graph is the same as the principal graph.
Immediately after hearing about our construction of a 4442 subfactor, Izumi noticed that a 4442 subfactor can be constructed using a Z/3Z quotient of the 3333 subfactor. This will appear in one of his forthcoming papers. Conversely, we constructed the 3333 subfactor only after hearing Izumi's construction.
In addition to giving a generators and jellyfish relations presentation of each of these four subfactor planar algebras, we show that the 4442, 3333, and 2221 subfactors are each self-dual, and moreover symmetrically self-dual. This essentially means that one can ignore the shading in the planar algebras, and thus there exist fusion categories with the same principal graphs. We will investigate this further in a future paper [MPP12] . Acknowledgements. The authors would like to thank Vaughan Jones and Masaki Izumi for many helpful conversations. We appreciated the referee's careful reading of the manuscript and many helpful criticisms. Both authors were supported by DOD-DARPA grants HR0011-11-1-0001 and HR0011-12-1-0009. Scott Morrison was at the Miller Institute for Basic Research and the Australian National University while writing this paper, and in part supported by the ARC DECRA grant DE120100232. David Penneys was also supported by NSF grant DMS-0856316.
1.1. The FusionAtlas. This paper relies on some substantial calculations. In particular, our efforts to find the generators in the various graph planar algebras made use of a variety of techniques, some ad-hoc, some approximate, and some computationally expensive. This paper essentially does not address that work. Instead, we merely present the discovered generators and verify some relatively easy facts about them. In particular, the proofs presented in this paper rely on the computer in a much weaker sense. We need to calculate certain numbers of the form Tr(ST R), where S, T , and R are rather large martrices, and the computer does this for us. We also entered all the formulas derived in this paper into Mathematica, and had the computer automatically evaluate the various quantities which appear in our derivation of jellyfish relations. As a reader may be interested in seeing these programs, we include a brief instruction on finding and running these programs.
The arXiv sources of this article contain in the code subdirectory a number of files, including:
• Generators.nb, which reconstructs the generators from our terse descriptions of them in Appendix A. • QuadraticTangles.nb, which calculates the requisite moments of these generators, and performs the linear algebra necessary to derive the jellyfish relations. • GenerateLaTeX.nb, which typesets each subsection of Section 4 for each planar algebra, and many mathematical expressions in Appendices A and B. The Mathematica notebook Generators.nb can be run by itself. The final cells of that notebook write the full generators to the disk; this must be done before running QuadraticTangles.nb. The QuadraticTangles.nb notebook relies on the FusionAtlas, a substantial body of code the authors have developed along with Emily Peters, Noah Snyder and James Tener to perform calculations with subfactors and fusion categories. To obtain a local copy, you first need to ensure that you have Mercurial, the distributed version control system, installed on your machine. With that, the command hg clone https://bitbucket.org/fusionatlas/fusionatlas will create a local directory called fusionatlas containing the latest version. In the QuadraticTangles.nb notebook, you will then need to adjust the paths appearing in the first input cell to ensure that your local copy is included. After that, running the entire notebook reproduces all the calculations described below.
We invite any interested readers to contact us with questions or queries about the use of these notebooks or the FusionAtlas package.
2. Background 2.1. Graph planar algebra embedding. A finite depth subfactor planar algebra embeds in the graph planar algebra of its principal graph [JP11, MW] . We begin by assuming that the desired planar algebra is n − 1 supertransitive, so P k,+ = T L k,+ for k = 0, . . . , n − 1 and is generated by the orthogonal complement P n,+ T L n,+ of the Temperley-Lieb algebra in the n-box space. If this orthogonal complement has dimension k, we say that the planar algebra is n−1 supertransitive of excess k. The excess can be read off from the principal graph; it's the sum of the squares of the multiplicities of the edges immediately beyond the branch point, minus one (or simply two less than the valence of the branch point, in the simply laced case).
To construct the subfactor planar algebras in these papers, we first find a connection on the desired pair of principal graphs (Γ, Γ ). We do so by first computing a numerical approximation to high precision, then guessing the exact solution using Mathematica's RootApproximant function, and finally verifying using exact arithmetic in a number field that the candidate exact solution satisfies the necessary equations. As we use this numerical method, we cannot say with certainty how many connections exist on these graphs. However, Izumi has determined all such connections, and we believe our list of possible connections coincides with his. As the main goal of this paper is to construct the new 4442 subfactor by the development of methods for deriving jellyfish relations, rather than proving uniqueness, we restrict our attention to a single connection.
Using this connection, it is possible to discover the rotational eigenvalues of the desired generators via [IJMS11, Theorem 1.7]; in a certain gauge, tr(U U t ) = 2 + ω, where U is the 'branch matrix' of connection entries going through the branch point, and the sum is over the k rotational eigenvalues ω, with multiplicity, of the lowest weight vectors in the n-box space. We then compute the equations for flatness and find k flat n-boxes with respect to the connection. (Note that these flat elements are not necessarily self-adjoint as in [Jon03] .) However, merely having flat elements for a connection does not imply that the connection itself is flat. The planar algebra generated by the flat n-boxes is necessarily evaluable, and indeed a subfactor planar algebra, which we denote by P Γ • . Thus we have constructed some subfactor by [Ocn88, EK98, Jon11, MW] . This subfactor, however, need not have the principal graphs we started with; indeed, it could have smaller supertransitivity. Determining even the supertransitivity of the principal graph of the subfactor planar algebra generated by the flat n-boxes requires some knowledge of the skein theory of the planar algebra, which is of comparable difficulty with directly computing jellyfish relations. In fact, by Lemma 5.1, having jellyfish relations ensures the supertransitivity is correct. One could attempt to verify the connection itself is flat, which would also ensure the supertransitivity is correct, but this is extremely computationally expensive. The point of this paper is to avoid this work using planar algebras and the jellyfish algorithm.
Hence, we still need to analyze the subfactor planar algebra P Γ
• . In the analysis which follows, we never rely on the fact that we obtained these elements as flat elements with respect to some connection. In particular, nothing that follows relies on the correctness of the method described above for guessing the generators! First, we need to calculate the principal graphs of P Γ
• (which we are hoping are the graphs we started with, (Γ, Γ )). Second, we would like to know how to evaluate closed diagrams in the generators.
For the spoke graphs we consider in this paper, Γ and Γ always coincide, and are drawn from the set {4442, 3333, 3311, 2221} (see Figure 1) , where the numbers refer to the length of the spokes emanating from the central vertex. By [BP12] , if such subfactor planar algebras were to exist with the desired principal graphs, they would have 1-strand jellyfish generators at depth n. We use Jones' quadratic tangles techniques [Jon03] to find these 1-strand jellyfish relations in P Γ • . We then use the generators to determine that P Γ • has the correct principal graph.
2.2. Quadratic tangles. In [Jon03] , Jones uses quadratic tangles techniques to prove a number of formulas about planar generators in a subfactor planar algebra. In fact, many of the formulas there hold in more generality.
Notation 2.1. Recall that the Fourier transform F is given by
For a rotational eigenvector S ∈ P n,± corresponding to an eigenvalue ω S = σ 2 S , we define another rotational eigenvectorŠ ∈ P n,∓ byŠ = σ
Definition 2.2. Suppose P • is a not necessarily evaluable * -planar algebra, i.e., we don't know if dim(P n,± ) < ∞ or if dim(P 0,± ) = 1. We call P • unitary if for all n ≥ 0, the P 0,± -valued sesquilinear form on P n,± given by x, y = Tr(y * x) is positive definite (in the operator-valued sense).
Definition 2.3. Suppose P • is a unitary, spherical, shaded planar algebra with modulus δ > 2 which is not necessarily evaluable. A finite set B ⊂ P n,+ is called a set of generators if the elements of B are linearly independent, self-adjoint, low-weight eigenvectors for the rotation, i.e, for all S ∈ B,
• S = S * , • S is uncappable, and • ρ(S) = ω S S for some n-th root of unity ω S .
Given a set of generators B, we get a set of dual generatorsB = Š S ∈ B .
We say a set of generators B has scalar moments if Tr(R), Tr(RS), Tr(RST ) and Tr(Ř), Tr(ŘŠ), Tr(ŘŠŤ ) are scalar multiples of the empty diagram in P 0,+ and P 0,− respectively for each R, S, T ∈ B.
If a set of generators B has scalar moments, we say it is orthonormal if for all S, T ∈ B, S, T = Tr(ST ) = δ S,T .
Notation 2.4. Since δ > 2, given a generator R ∈ B, the annular tangles
, . . . are a basis for A n+1 (R), the annular consequences of R inside P n+1,+ [Jon01, Jon03] . One calculates the dual annular basis ∪ i (R) i = 0, . . . , 2n + 1 from ∪ i (R), ∪ j (R) = δ i,j , where the inner product is linear on the right. See Definition 4.2.6 of [Jon03] for an explicit formula.
Theorem 2.5. All the formulas of §4 of [Jon03] hold in any unitary, spherical, shaded planar algebra with modulus δ > 2 for any orthonormal set of generators B with scalar moments.
Proof. Jones explicitly restricts to an evaluable planar algebra (in fact, he says 'subfactor,' but evaluable is the only condition we're now leaving off) before proving these formulas, but upon reading through the proofs, it is clear that the generators having scalar moments is sufficient to work in the generality we need here.
2.3. Spherical and lopsided planar algebras. In [MP12] , Morrison and Peters describe the spherical and lopsided conventions for planar algebras. In the spherical convention, both shaded and unshaded contractible closed loops count for a multiplicative factor of δ; however, in the lopsided convention, shaded contractible closed loops count for 1 while unshaded contractible closed loops count for δ 2 . The main advantage of working in the lopsided planar algebra is that there are fewer square roots, so arithmetic is easier. In particular the number field in which we calculate is much smaller. Hence we use the lopsided planar algebra to compute the moments of our generators.
The map :
is not a planar algebra map, but it commutes with the action of the planar operad up to certain scalars. When we draw our tangles in the standard form where each input and output disk is a rectangle with the distinguished interval on the left and the same number of strings attach to the top and bottom of each rectangle, then there is a power of δ ±1 for each critical point which is shaded above, and the power of δ corresponds to the sign of the critical point:
Example 2.6. We will work out the correction factor arising when commuting and F. Note that
Hence we have
Example 2.7. Similarly one can calculate that
Hence if S 1 , . . . , S k ∈ B, we compute the moment
2.4. The jellyfish algorithm. The jellyfish algorithm was invented in [BMPS12] to construct the extended Haagerup subfactor planar algebra with principal graphs , .
One uses the jellyfish algorithm to evaluate closed diagrams on a set of generators. There are two ingredients:
(1) The generators in P n,± satisfy jellyfish relations, i.e., for each generator S, T ,
T can be written as linear combinations of trains, which are diagrams where any region meeting the distinguished interval of a generator meets the distinguished interval of the external disk, e.g.,
where S 1 , . . . , S are generators, and T is a single Temperley-Lieb diagram.
(Note that j(S), j(Š) means the same thing as ∪ 0 (S), ∪ 0 (Š), but we will use the j notation to emphasize its importance to the jellyfish algorithm.) (2) The generators in P n,± are uncappable and together with the JonesWenzl projection f (n) form an algebra under the usual multiplication
(Note that the Mathematica package FusionAtlas multiplies in this order; reading from left to right in products corresponds to reading from bottom to top in planar composites.) Given these two ingredients, one can evaluate any closed diagram using the following two step process.
(1) Pull all generators S to the outside of the diagram using the jellyfish relations, possibly getting diagrams with more S's. (2) Use uncappability and the algebra property to iteratively reduce the number of generators. Any non-zero train which is a closed diagram is either a Temperley-Lieb diagram, has a capped generator, or has two generators S, T connected by at least n strings, giving ST . Section 3 is devoted to our procedure for computing the jellyfish relations necessary for the first part of the jellyfish algorithm, while the second part is rather easy.
One can see that if {A, B, f (n) } span a subalgebra of P n,+ , their structure coefficients must be given by
and thus determined by the moments given in Appendix B. We check that the algebra generated by {A, B, f (n) } is closed under multiplication directly in the graph planar algebra, in Lemma 4.1.
Note that if we have an orthonormal set of generators, then in the notation of [Jon03] , α R S,T = Tr(ST R) = a ST R . There are similar easy calculations to determine the structure coefficients β R S,T of the algebra generated by {Ǎ,B,f (n) } ⊂ P n,− , and in the orthonormal case, β
In [BMPS12] , they found 2-strand jellyfish relations, i.e., j(Š) and j 2 (S) lie in the span of the trains of S. For spoke subfactors, we can find 1-strand jellyfish relations by [BP12] , i.e., for each S ∈ B andŠ ∈B, j(Š) lies in the span of the trains from B, and j(S) lies in the span of the trains fromB. These 1-strand jellyfish relations are sufficient to evaluate all closed diagrams from our generators, and thus B generates some subfactor planar algebra.
We need further arguments to prove that the resulting subfactor planar algebra has the desired principal graphs. It turns out that at the relatively low index of 3 + √ 5 these arguments are easy.
2.5. Jellyfish to box jellyfish and back again. Given a set of jellyfish relations, we may write them in a more compact form in which we multiply the diagrams by a Jones-Wenzl idempotent to get rid of simpler diagrams. We present the arguments back and forth in the case of one generator, and it is clear how to generalize to the multi-generator case.
If we know
where X ∈ T L n+1,+ with all strings turned down, and
S (note that the ∪ i (S)'s for i = 1, . . . , 2n+1 can be obtained from the ∪ j (S)'s for j = 1, . . . , 2n + 1 by applying suitable powers of the rotation and multiplying by suitable powers of σ S ), applying the Jones-Wenzl f (2n+2) to the bottom of the diagram gives the simpler box jellyfish relation
.
Conversely, given a box jellyfish relation of the above form, we get a jellyfish relation by expanding the Jones-Wenzl idempotents.
(1) First, note that the coefficient of the identity in the Jones-Wenzl idempotent f (2n+2) is 1. This term gives us a j(Š) on the left hand side and an S • S on the right hand side.
(2) On the left hand side, all other terms of the Jones-Wenzl either cap off theŠ, giving zero, or there is exactly one cup on the top and one cap on the bottom, and the cup on the top is between the 1-st and 2-nd strings or the (2n + 1)-th and (2n + 2)-th strings. In this case, we get a scalar multiple of an annular consequence of S (which is not j(Š)), and these terms can be subtracted off to the right hand side of the equation.
(3) On the right hand side, there are a few more options. First, if any S is capped off, we get zero. Otherwise there is a cup between the (n + 1)-th and (n + 2)-th strings, and we get an an S 2 which can be written as a linear combination of S and Temperley-Lieb diagrams. Now if there are more cups on top of the term in the Jones-Wenzl, the S term vanishes, and we get a Temperley-Lieb diagram. If there are no extra cups, then we are left with some Temperley-Lieb diagrams and some scalar multiple of an annular consequence of S (which is not j(Š)). Hence we get a jellyfish relation.
Computing jellyfish relations with quadratic tangles
In Subsection 2.1, we explained how we obtained the subfactor planar algebra P Γ • generated by the flat elements at depth n with respect to some connection in the graph planar algebra of Γ. We now describe how to calculate 1-strand jellyfish relations.
The calculations in these subsections, based on the techniques from [Jon03] , rely on knowing the cubic moments of the generators and the structure coefficients for the algebra generated by {A, B, f (n) }. This requires a computer calculation, but it is no more difficult than multiplying some large matrices, with entries in a fixed number field, then taking a trace. These moments are given in Appendix B.
We perform three calculations to derive the jellyfish relations. In Subsection 3.1, we find those linear combinations of the quadratic tangles which lie in annular consequences of the generators. In Subsection 3.2, we express these quadratic tangles in the basis of annular consequences of our generators. Finally in Subsection 3.3, we invert the relations found in Subsection 3.2 to express the relevant annular consequences back in terms of the quadratic tangles.
Remark 3.1. In Subsections 3.1 through 3.3, our formulas are for orthonormal sets of self-adjoint generators. However, the programs in the Mathematica notebook QuadraticTangles.nb are slightly more general and include the necessary correction factors allowing us to work with orthogonal generators with arbitrary norms as well.
In Subsection 3.4, we describe two ways that we verify our formulas. Since the computer is doing the arithmetic, we like to verify our calculations in as many ways that we can think of.
3.1. Identify quadratic tangles in annular consequences. Given our set of generators B = {A, B} ⊂ P n,+ , we have the dual generatorsB = {Ǎ,B} ⊂ P n,− , and B andB each give 4 quadratic tangles:
Since we expect these generators to give a subfactor planar algebra with the principal graph being the underlying graph of the graph planar algebra in which they were found, we hope that some linear combinations of these quadratic tangles lie in the space A(A, B, ∅) of annular consequences of A, B, and the empty diagram (the annular consequences of the empty diagram are the diagrams in Temperley-Lieb), and the same for the checked generators:
(QTAC stands for "quadratic tangles in annular consequences").
Remark 3.2. In our notation A(A, B, ∅) includes Temperley-Lieb. When we refer to the annular consequences of A, B only, we will call this space A(A, B)
(which is what is referred to simply by A in [Jon03] ).
Example 3.3. Starting with our 2 generators found in the graph planar algebras of the 4442 or 3333 principal graphs, since 4442 and 3333 each have annular multiplicites * 22, we hope that dim(QTAC) = dim(QTAC ∨ ) = 2, i.e., the quadratic tangles are as linearly independent as possible.
Example 3.4. Starting with our 2 generators found in the graph planar algebra of the 3311 principal graph, since 3311 has annular multiplicites * 20, we hope that dim(QTAC) = dim(QTAC ∨ ) = 4.
Example 3.5. Starting with our 2 generators found in the graph planar algebra of the 2221 principal graph, since 2221 has annular multiplicites * 21, we hope that dim(QTAC) = dim(QTAC ∨ ) = 3.
We use formulas from [Jon03] to calculate bases for QTAC and QTAC ∨ . We first describe how to find a basis for QTAC.
First, we calculate the 4 × 4 matrix of inner products modulo the annular consequences of A, B:
The inner products are given by the following formulas, where the second comes from Proposition 4.4.2 of [Jon03] :
. Taking a basis for the nullspace of this matrix gives us a basis for QTAC.
Remark 3.6. To calculate a basis for QTAC ∨ , one passes to the dual planar algebra of the graph planar algebra (the same planar algebra, but with the shading reversed), and uses the same formulas above. This amounts to switching a ST R and b ST R , since S andŠ have the same chirality for each S ∈ B.
3.2. Find the jellyfish matrices. Now we want to write each basis element of QTAC or QTAC ∨ as a linear combination of the ∪ i (R), ∪ i (Ř)'s for R ∈ B,Ř ∈B respectively. We describe the process for the basis elements of QTAC, and the checked versions are again computed by passing to the dual as in Remark 3.6. Using Proposition 4.4.1.i in [Jon03] , we have
We can express ∪ n+1 (R), ∪ 0 (R) (in the dual annular basis) in terms of the annular basis ∪ i (R) for R ∈ B, using the formulas from Proposition 4.2.9 of [Jon03] :
Remark 3.7. Our calculations, available bundled with the arXiv sources for this paper in the Mathematica notebook QuadraticTangles.nb, are slightly more complicated; we don't actually use the formulas from Proposition 4.2.9 above, but instead directly compute the change of basis matrix from the dual annular basis to the annular basis as an extra check of these formulas. The change of basis matrix is computed as follows. First, letting U and U be the column vectors corresponding to the basis elements ∪ i (R) and ∪ i (R), there is some matrix V ∈ M 2n+2 (C) such that V U = U . From the formulas ∪ i (R), ∪ j (R) = δ i,j and
we have V = W −1 (remember that the inner product is linear on the right).
Putting it all together, we can express v in our basis of QTAC as a lin-
where Z ∈ A(A, B, ∅) and
Given such an equation, we can multiply by a Jones-Wenzl idempotent in two ways to find the following relations, from which we will derive the desired box jellyfish relations:
(1) We can multiply by f (2n+2) on the bottom to isolate the ∪ 0 (A), ∪ 0 (B):
as any cap on top of f (2n+2) gives zero. (2) We can bend f (2n+2) around the top to isolate the ∪ n+1 (A), ∪ n+1 (B):
which is equivalent to
Remark 3.8. The second relation above is actually superfluous. It suffices to consider the relations above of the first type for both B andB. On the other hand, the computer is doing the arithmetic, so we prefer to get a nice consistency check on all our formulas with little extra work.
Notation 3.9. For S, T ∈ B,B, we use the notation
, and f (S • T ) = n − 1
The jellyfish matrices are the matrices J,J whose i-th rows are µ 
, and similarly for the checked version.
3.3. Invert the jellyfish matrices to get box jellyfish relations. Given the jellyfish matrices J,J, we check if they have rank 2. If they do (and we know they should by [BP12] ), then we find a left inverse by the formula
(and similarly forJ), since J * J ∈ M 2 (C) has rank 2. We then use J L ,J L to get the box jellyfish relations
as linear combinations of quadratic tangles, and similarly for the checked versions.
3.4. Checking our formulas. As emphasized in Remarks 3.7 and 3.8, since the computer is doing the arithmetic, we like to check our formulas in as many ways as we can think of. We perform two extra checks of the formulas obtained from the above calculations.
(1) Given our set of generators B in the graph planar algebra, we can compute the annular bases for A(A), A(B) and the quadratic tangles S • T for S, T ∈ B directly from the graph planar algebra. We can then use numerical linear algebra to compute an approximate basis for QTAC, and we can compare these results with those obtained in Subsection 3.1. We do a similar check forB and QTAC ∨ . Similarly, we can compute numerical approximations for the coefficients of the quadratic tangles in annular consequences with respect to the annular basis directly in the graph planar algebra. We compare these numbers with those computed from Equation (3.1) using Remark 3.7.
Finally, we can numerically find the jellyfish formulas J L K,J LǨ directly from the generators in the graph planar algebra and compare them with the J L K,J LǨ computed in Subsection 3.2. All of these checks are carried out in QuadraticTangles.nb, in the "QT Direct" sections for the graphs 3333, 3311, and 2221.
(2) It would be beneficial to check the actual jellyfish formulas directly in the graph planar algebra. Since the Jones-Wenzl idempotent, written in the graph planar algebra, is expensive to compute, this is only feasible for the smallest graph 2221, and even then, we need a clever trick introduced in [BMPS12] by Stephen Bigelow. First, note that
= 0, which implies that for S, T ∈ B and all γ,
Note that ST −

Tr(ST )
[n+1] 2 f (n) is uncappable as it lies in span{A, B}. Hence applying any two caps which do not enclose to
gives zero, and therefore f (S • T ) is equal to
where f
1−cup is the sum of all terms in the Jones-Wenzl f (2n+2) with exactly one cup on the top and one cup on the bottom. A formula for the 1-cup Jones-Wenzl in terms of Temperley-Lieb diagrams can be deduced easily from [Rez07, Mor] :
Note that the number of terms in the 1-cup Jones-Wenzl grows linearly, whereas the number of terms in the Jones-Wenzl idempotent, given by Catalan numbers, grows exponentially.
Using this trick, we numerically check the jellyfish formulas calculated in Section 4.4 in the graph planar algebra of 2221.
Generators and relations
We now have a subsection for each of our subfactor planar algebras. The three lemmas in each section show the results of the calculations described above. The proofs are simply substituting the appropriate quantities (moments, chiralities, etc.) into the formulas above. You can verify all these calculations using the Mathematica notebooks included with the arXiv sources of this paper.
Throughout, the notation λ In this section, A, B denote the specific generators denoted by A, B given in the appendix for each respective graph.
Lemma 4.1. For each of the graphs Γ = 4442, 3333, 3311 or 2221, the elements A, B and f (n) in the (n, +)-box space of the graph planar algebra are closed under multiplication, and their structure coefficients
are given the following ratio of moments:
A similar result holds for the elementsǍ,B and f (n) in the (n, −)-box space.
Proof. The program VerifyClosedUnderMultiplication in the Mathematica notebook QuadraticTangles.nb verifies that the algebra generated by the set {f (n) , A, B} is closed under multiplication directly in the graph planar algebra. Once we know this, the formula claimed for the structure coefficients follows by taking inner products. Lemma 4.3. In particular, we have 
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Lemma 4.4. The elements A and B satisfy the box jellyfish relations
where 
3333.
Lemma 4.5. The linear combinations Lemma 4.6. In particular, we have 
where Lemma 4.9. In particular, we have 
Lemma 4.12. In particular, we have
Lemma 4.13. The elements A and B satisfy the box jellyfish relations
Self-duality and calculating principal graphs
We now know that our elements A, B ∈ PA(Γ) generate an evaluable planar subalgebra P Γ • , and hence a subfactor planar algebra. By the next lemma, we know that the principal graphs have the desired supertransitivity since we have 1-strand jellyfish relations.
Lemma 5.1. Suppose a planar algebra P • is generated by uncappable elements A 1 , . . . , A k ∈ P n,+ such that (1) the A j 's satisfy 1-strand jellyfish relations, and (2) the complex span of {A 1 , . . . , A k , f (n) } forms an algebra under the usual multiplication. Then P • is (n − 1) supertransitive.
Proof. Suppose x ∈ P n−1,+ . Use the jellyfish relations to get a linear combination of diagrams in jellyfish form. Use the facts that the A j 's are uncappable and that the A j 's and f (n) form an algebra to reduce the linear combination of diagrams so that no two generators are connected by more than n strands, and no generator is connected to itself. Since there are only 2n − 2 external boundary points, it is easy to see that the diagrams in the resulting linear combination have no generators, i.e., x ∈ T L n−1,+ .
We now show that the principal graphs of the P Γ • planar algebra are, in fact, (Γ, Γ).
5.1. Self duality. In this subsection, we show that P • is the dual planar algebra obtained from P • by reversing the shading. Note that this means for all k, there is a map Φ k,± : P k,± → P ∨ k,± = P k,∓ , and these maps commute with the action of the planar operad.
In fact, these three subfactor planar algebras are more than self-dual; they are symmetrically self-dual, i.e., for every n, Φ n,∓ • Φ n,± = 1 n,± . Hence by [MPP12] , we can lift the shading to get fantastic planar algebras, i.e., unshaded, spherical, evaluable C * -planar algebras. Given a fantastic planar algebra P • , we have an associated rigid C * -tensor category C P• whose objects are the projections of P • and a morphism in Hom C (p → q) is an element x ∈ P • such that x = pxq (see [MPS10] for more details). Note further that C P• is generated by a single self-dual object X (the strand), and C P• is Z/2-graded. The fusion graph with respect to X is exactly the principal graph of P • . If the fusion graph is finite, then C P• is a unitary fusion category.
Hence the subfactor planar algebras P give rise to Z/2-graded unitary fusion categories generated by a single self-dual object with fusion graphs 4442, 3333, 2221 respectively. Note that a fusion category with fusion graph 2221 has previously been constructed by Ostrik in the appendix to [CMS11] . Proof. By the symmetry of the moments in Appendix B.1, the map clearly preserves the moments. Hence the box jellyfish relations of Subsection 4.1 are preserved under Φ. Moreover, the structure coefficients in the algebra P 5,± are also preserved, so by the jellyfish algorithm the map preserves the evaluation of all closed diagrams so is an isomorphism. is already a symmetric self-duality of planar algebras, but it seems that one would have to work in a larger number field for this to be possible.
Proof. One can easily verify that this map preserves the moments given in Appendix B.2, so the argument from the proof of Theorem 5.2 applies. (In fact, we do this verification in the Mathematica notebook QuadraticTangles.nb.) Finally, note that M 2 = 1, so Φ n,∓ • Φ n,± = 1 n,± .
Theorem 5.5. The map P Note, however, that the result is not true for 3311. This result has been known since [Kaw95] , and we give another proof for completeness.
Proof. Suppose there were a self-duality Φ. Since Φ is a map of planar algebras, Φ must preserve the Temperley-Lieb planar subalgebras T L k,± and also the low weight spaces for the rotation in P Proof. First, note that the modulus of the given subfactor planar algebra is 3 + √ 5 2.28825. Let Γ denote the principal graph. Using the moments calculated from our generators in Appendix B.1, we find all solutions to the equation
to get that the minimal projections one past the branch point are given by the equations: Again, both branches must continue simply. Once more by counting dimensions, the two remaining arms must continue, and again they cannot merge or split as ≈ 2.30231, ≈ 2.29193, and 2 ≈ 2.37309.
We conclude by counting dimensions again that Γ is 4442. The dual principal graph is also 4442 by Theorem 5.2. To determine the dual data, we run the program FindGraphPartners on the graph which determines all possible pairs of principal graphs and dual data for which one of the graphs is 4442. The only possibilities for which the principal and dual principal graph are both 4442 are , and , .
We rule out the second pair by noting that the dimension 1 bimodules form a group, and thus the vertices at the far right must be dual to each other.
If we already knew P
4442
• was finite depth, we could give an alternative argument identifying the principal graph as 4442 as follows. We omit details, as this is redundant with the argument in Theorem 5.7. Proof. If any of the edges above the quadruple point end immediately, that vertex has dimension which is not an algebraic integer (a root of 81 − 126x 2 + 4x 4 ). Otherwise, graph enumeration in the style of [MS12] shows that two of the legs end, with lengths 2, 2 or with lengths 2, 3. In second case, there's a dimension which isn't an algebraic integer. In the other case, the graph contains 4422. (There are two possibilities for the dual data.) We can look for connections on this graph (without assuming that it ends), and show that there are no bi-unitary connections. Proof. The proof is similar to that of Theorem 5.7. Again, the modulus is 3 + √ 5 2.28825, and we find that the minimal projections one past the branch are given by aA + bB + cf (4) where
Since Tr(f Since ω A = ω B = 1 (see Appendix A.2), the two click rotation ρ must be the identity on P Proof. Similar to the proofs of Theorems 5.7 and 5.9. The modulus is 3 + √ 3 2.17533, and the minimal projections are given by aA + bB + cf Hence the principal graph is 3311.
For the dual graph, note that the minimal projections in P 4,− are given by aǍ +bB +čf (4) where 27 − √ 3 ,
Since Tr(f (4) ) = Tr(f (4) ), the same argument as above applies, and the dual principal graph is 3311.
To determine the dual data, we note there are only two possibilities for each graph: either the singly valent vertices at depth 4 are self-dual or they are dual to each other. Since ω A = −1 and ω B = 1 (see Subsection A.3), we know that ρ 2 = 1 on P Proof. Similar to the proof of Theorems 5.7, 5.9, and 5.10. The modulus is (5 + √ 21)/2 ≈ 2.1889, and the minimal projections are given by aA + bB + cf (3) where The dual principal graph is also 2221 by Theorem 5.5.
Finally, since the dimension one bimodules form a group, the dual data must be as claimed.
Appendix A. Generators in the graph planar algebra
Specifying an element of the graph planar algebra of a large graph can be a somewhat cumbersome process; the element is a function on loops of a certain length on the graph, and we need to specify each value. Fortunately, if the element is a lowest weight vector, this can be significantly abbreviated.
Throughout this section, we assume that Γ is a spoke graph with m + 1 arms, and the initial arm is at least as long as any of the other arms. (This obviously holds for the graphs in which we are interested.) Lemma A.1.
(1) A lowest weight vector in A ∈ G(Γ) n,+ is determined by its values on 'collapsed' loops which stay within distance one of the central vertex. (2) In fact, it is determined by its values on such loops which never enter one of the spokes of our choice. (3) Further, the value on any loop which has more than 2k + 1 consecutive vertices which either lie on a particular arm of the graph of length k −1 or are the central vertex is zero.
Proof. We'll work in the spherical graph planar algebra, as it is somewhat easier to state the requisite formulas there. Obviously the lemma holds in the spherical planar algebra if and only if it holds in the lopsided graph planar algebra.
Call the central vertex of Γ c. We'll write ||γ|| = i d(γ(i), c). For a collapsed loop, ||γ|| = n/2, while for any other loop ||γ|| > n/2. We'll show that for any non-collapsed loop γ, if A is a lowest weight vector, then A(γ) is determined by the value of A on loops of strictly smaller norm. Inductively, this gives the result.
Suppose γ is a loop of length n on Γ, with d(γ(i), c) ≥ 2 and d(γ(i ± 1), c) = d(γ(i), c) − 1. (That is, i is a position on the loop where γ reaches a local maximum distance from the centre.) Consider the modified loop γ , which agrees with γ except at position i, where it passes through the vertex 2 closer to the centre than γ(i) (possibly the central vertex itself). Consider also the 'snipped' loop π of length n − 2, obtained from γ or γ by removing the i-th and i + 1-th positions. We name the vertices as s = γ(i), r = γ(i ± 1), and t = γ (i).
Applying a cap at position i to A, we have ∩ i (A) = 0. Evaluating this at π gives
(Here k i is the number of critical points in the cap strand, either 1, 2 or 3 depending on the position of the point i around the boundary of the rectangular box, as follows
although the case k = 3 never occurs for us as we always consider boxes with equal numbers of strands above and below.) For the second statement, consider some collapsed loop α of length n − 2. Write α i,j for the collapsed loop of length n which makes an extra visit to the j-th spoke of the graph at position i, and write u j for the vertex adjacent to the central vertex on the j-th spoke. (If the graph has even supertransitivity, then i ought to be odd, while if the graph has odd supertransitivity, i is even.) Now,
Using this formula, we can express the value of A on any collapsed loop which visits some spoke in terms of other collapsed loops which visit that spoke strictly fewer times. For the final statement, note that A has value zero on any loop which visits a univalent vertex at positions i and i + 2 by a similar argument as above. The value of A on a loop with 2k + 1 consecutive vertices either in a fixed spoke of length k − 1 or at the central vertex is then a multiple of the value of A on a loop that visits the end of that spoke twice consecutively by our first argument, and is thus also zero.
Corollary A.2. If A is a lowest weight vector in a spherical graph planar algebra, andγ denotes the 'collapsed' loop corresponding to γ, then
The corresponding formula for a lowest weight vector in a lopsided graph planar algebra is
(The exponent i is just the number of minima on the strand.) Rotation acts on the set of collapsed loops, so if we are trying to specify a lowest weight vector A which is also a rotational eigenvector, then it suffices to specify A only on a representative of each such orbit.
Lemma A.3. Fix ω an n-th root of unity. Suppose we have specified the values of an element A on a rotation representative of each collapsed loop which avoids the initial arm, and further that (a) if a representative is fixed by the k-fold rotation, and ω k = 1, the corresponding value of A is zero, and (b) condition (3) of Lemma A.1 holds where appropriate on these values, i.e., if a loop visits an arm of length k − 1 at least k consecutive times, the corresponding value of A is zero. Then we can make three consecutive well-defined extensions, defining, in turn, the values of A (1) on every collapsed loop avoiding the initial arm, using the condition that A is a rotational eigenvector with some eigenvalue ω, (2) on every collapsed loop, via Equation (A.1), and finally (3) on every loop, via Equation (A.2).
The resulting element A is a rotational eigenvector, and is a lowest weight vector if and only if
A(a 1 a 2 · · · a n ) = 0 (here we denote the value of A on the collapsed loop which successively visits arms a 1 , a 2 , . . . , a n by A(a 1 a 2 · · · a n )). Condition (3) of Lemma A.1 says that A(1111) and A(2222) must be zero if we want to extend A to a lowest weight vector. Further, if ω = ±i then A(1212) must be zero also. Finally, the condition A(0000) = 0 is trivially true when ω = 1, since there A(0000) = ωA(0000), while it is non-trivial when ω = 1. Thus the the rotational eigenspaces of lowest weight 4-boxes in the graph planar algebra are 3 dimensional for ω = 1, i, −i, and 4 dimensional for ω = −1.
Thus, in each of the following subsections, we list representatives of the rotational orbits of the collapsed loops avoiding the initial spoke. We then list the values of our generators on these loops, and refer to the function lowestWeightCondition in the Mathematica notebook Generators.nb (included with the arXiv sources of this article) for the elementary check of Lemma A.3 that these actually determine a lowest weight vector with the desired rotational eigenvector. Note that this notebook takes quite a while to run on 4442, as it needs to lift the specified values, expressed as particular roots of their minimal polynomials, back to the fixed number field Q(µ 4442 ) described below. This notebook also regenerates all the values in accordance with the above lemma, in a format compatible with the FusionAtlas package. This notebook, however, is completely independent of that package. We note that this method of describing lowest weight vectors was implicitly used in [BMPS12] , but without explanation of why it is always possible.
A.1. 4442. We give here two generators A 0 and B 0 which are rotational eigenvectors and lowest weight vectors, but are not self adjoint. We'll correct them in Subsection B.1 by a phase to obtain self-adjoint elements.
The two generators A 0 , B 0 for 4442 have rotational eigenvalues
and we chose square roots σ A , σ B :
We express A 0 , B 0 here by giving their coefficients on representatives of the rotational orbits of the collapsed loops. We write these coefficients as algebraic numbers, that is, roots of certain integer coefficient polynomials. Recall that the notation λ (z) an,...,a 0 indicates the root of the polynomial a i x i which is approximately equal to z. (We give z to sufficiently high precision that it clearly distinguishes amongst the roots.) In fact, we know that all of these numbers lie in a single number field, but it is a terrifying one: Q(µ 4442 ), where which is approximately 17589.4 + 13246.7i. The polynomials in µ 4442 required to express these numbers themselves tend to be horrific (coefficients whose numerator and denominator may have hundreds of digits), and we chose to spare the reader from the danger of trying to read them. The overenthusiastic may of course view them in the Mathematica notebook. Nevertheless, it is important to remember that the calculation of moments in §B must be performed inside this number field in order to be tractable. The reason we work with the non-self-adjoint generators A 0 and B 0 is simply that the coefficients of the phase corrected generators require an even larger number field; sufficiently large, in fact, that our computers can't perform the necessary calculations there! These entries all lie in the number field Q(µ 2221 ) where µ 2221 is the root of
which is approximately 14.85 + 9.90i. In fact, we could have tried working directly with self-adjoint generators, but this would have required a degree 32 number field. We could still calculate the requisite moments; however, we could not express the values of the generators on collapsed loops in the above compact form, and instead, we would have to write out the 32 coefficients in the number field for each value.
Appendix B. Moments
In the following subsections, we give the quadratic and cubic moments for our generators calculated directly from the graph planar algebra. Recall that the generators given in Appendix A are not normalized, so Tr(A 2 ) and Tr(B 2 ) need not be equal to 1. B.1. 4442. Recall from Appendix A.1 that the generators given for 4442 are not self-adjoint, since it would require working in an even larger number field (as if Q(µ 4442 ) isn't terrifying enough)! However, for each non self-adjoint S 0 ∈ B 0 , there is a γ S ∈ U (1) such that S = γ S S 0 is self-adjoint. Hence we compute the moments in the graph planar algebra using the non self-adjoint generators, and we correct them afterward to agree with what we would get from first making our generators self-adjoint. This amounts to multiplying the moment by the correction factor for each generator that appears, e.g., 
